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Convective diffusion of heat is a problem which arises in many areas. Since most thermal
transport situations involve more than one material insulation, supports, etc., the treatment of
composite regions is of interest. In certain systems, namely, those involving chemical or nuclear
reactions, heat genmeration may be either localized or distributed. In this paper a general
analytical treatment of this problem is made by using a double Fourier series technique
involving an extended orthogonality concept. This treatment is then applied to the solutions of
heat transfer situations arising in electrochemical energy conversion systems. Experimental

temperature profiles are presented which test the theory.

Early work (1, 2) on heat transfer in electrochemical
energy conversion systems treated the multidimensional
unsteady problem of temperature distribution in a stack
in which heat is generated by means of the irreversibility
associated with the electrochemical process. In this paper
we will extend the analysis to include cell geometries
where both heat-generating and heat-adsorbing reactions
take place at the same time but in different locations
within the cell. This latter situation arises if a hydrocar-
bon is being reformed into hydrogen and carbon dioxide.
Further treatment of the insulated cell will also be con-
sidered since the above phenomena usually takes place
in elevated temperature systems which in practice are
insulated from surroundings.

The source-sink portion of the problem will be handled
by use of a double Fourier series technique. The com-
posite-region part of the problem arising from the insulated
cell geometry will be treated by means of an extended
orthogonality concept. Finally, the theory will be com-
pared with experiment by using a Green’s function de-
rived (3) version of the solution.

MATHEMATICAL MODEL

A fuel cell stack consists of a multiplicity of single cells.
For a many-celled stack it is possible to consider a single
element to be two-dimensional, that is, that there is no
heat transfer in the direction of stacking. In the most gen-
eral terms the resulting single two-dimensional cell is
made up of a number of individual elements, electrodes,
electrolytes, etc., which for the purpose of analysis can
be represented by a single average thermal conductivity.

Within the plane of the electrodes of the cell it is pos-
sible to identify three distinct regions. (A typical cell with
these regions is shown in Figure 1.) The first region is

M. B. Baker is with Energy Research Corp., Bethel, Conn.

Yol. 17, No. 1

AIChE Journal

that occupied by the electrodes and is the electrochemi-
cally active portion of the cell and is a region of heat
evolution. The second region, if it exists at all, will be
that region occupied by, say, a reforming catalyst. This
region may coincide with all or part of the electrode
region and represents a heat sink since the reforming
reaction is endothermic. The final region is a peripheral
one where there is no heat generation or absorption, and
this corresponds to the flanges of the cell.

As indicated in Figure 1 a gas flow takes place over
the surface of the cell corresponding mainly to the flow of
oxidant, air. This flow is essentially one-dimensional
achieved by means of a distributor. Finally there is a
region adjacent to the fuel cell through which gas flows
which represents the insulation. The cell is insulated both
at the gas inlet and the gas outlet ends of the cell but for
numerical simplicity only the case of the double-composite
region will be considered in detail in this paper, although
the solution to the triple-region problem has been worked
out in detail (4). The cell is also insulated in the direction
normal to gas flow but the effect of insulation in this re-
gion will, like the exit region, be accounted for by a
fictitious Biot number.

The steady state problem represented by this geometry
can be described by the following equations in terms of
the temperature difference:

Region 1 (The fuel cell)

aT
2 Tl - NPe1 ! = —1s (1)
oy

Region 2 (The insulation)

aT.
Vz T2 - NPe2 ay2

— (2)

The boundary conditions can be written as

T T
at x=0, —-3-=-—3-=0,

—~l1=y=1 (3
ox ox y ()
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by symmetry

at x=1/2, —-%=NB¢1T1, 0=y=1 (4)
and —%—: NpyTe, —1=y=0 (5)
using the fictitious Biot number concept
at y=1, —a—TI—=NBi1T1 (6)
oy

again using the Biot number concept
aT
at y=-1, ‘Fyi‘= (NBiz + NPeg) T, (7)

by energy balance at the inlet face

Ey

due to equality of fluxes and continuity of temperatures
at the interface.

Boundary condition (3) simply expresses the cell sym-
metry about a center line in the direction of gas flow. Con-
ditions (4), (5), and (8) are the convection conditions
that would be normally encountered in real systems. Con-
dition (7) represents convection but also accounts for the
fact that energy can enter the system with the inlet gas.
Condition (8) expresses the constant temperature and
fluxes which must exist at the junction between fuel cell
and insulation.

In boundary condition (5) it has been assumed that the
effective Biot numbers for the insulation region and fuel
cell region are the same. This is not true. However, by
using the effective Biot number of the fuel cell region we
have in effect added insulation to the x direction in region
2, and it is reasonable on physical grounds that this situa-
tion will not materially affect the temperature distribution
in the fuel cell. This restriction will at a later point be
removed.

The system of Equations (1) through (8) describes the
geometry and physical situation given in Figure 1. The
'solution to this set of equations is set forth below.

at y= 0, K2 and T]_ = T2 (8)

o COS n — Gp SiN Gn

ay COS G + o3 sin @,
for regions 1 and 2, respectively, and a, is defined by
NZp,
T4

yn? being the separation of variables constant for the y
direction and is determined from the frequency equation

KTy, = KTy,

Am, the eigenvalues defined for the x direction, is given by
the more common frequency equation

ay? = ‘Yn2

Am tan -—A;L = NBll

The orthogonality constant Am,, cannot be found in the
usual fashion for this problem since boundary condition
(8) is not a Sturm-Liouville condition. It is necessary
therefore to extend the orthogonality concept (5). To do
this we must derive a new orthogonality condition for
boundary condition (8).

The technique requires the equations derived by the
method of separation of variables to be put into a Sturm-
Liouville form by selection of the proper integrating fac-
tor. In this problem both regions must be used simultane-
ously. The resulting new orthogonality conditions are

for the y direction

1
j; Yy Yy; e~ Nre¥ Ky Apyi Am,j dy

0
+ f—l Yo ng K, A,m,i A’m)j e~ Neeyy dy =0 (10)

and for the x direction

Y .
j:) A A Xo X dx =20 (11)

If we now substitute expression (9) for Ty and T, back
into Equations (1) and (2) and use the extended orthog-
onality condition given by (10), and the conventional
orthogonality condition given by (11), andlet m =r = s
and n = { = §, we get, solving for Amn

K; U‘b, e~ Nre¥/2 ¢os Ay [T, sin apy + cos apy]dedy + K, f@f Wy €7 Nre’2 cog Ak [Ty, sin apy + cos apyJdxdy

Am,n = 1 Y 0 Yo (12)
1oman Ky J:) j; €082 A [Ty, sin any + cos apy12 dxdy + sama Ka f—n’; €05 Apx [T'a, Sin @ny + cos any)? dxdy
SOLUTION where
The Double Fourier Series Method 10mn = N + a2 + Npes® and
The problem described above can be most readily han- 4
dled as a dual eigenvalue problem. By addressing our- Npe,?

selves to the homogeneous problem of no heat generation
in both regions, it is possible to find a solution to the
problem by means of separation of variables. This solution
is given by

Ty = eNeo¥/2 535, Ay €08 A (T, SID anyf + cos any)
mn

(9)
Ty = eNPet/2 3 3 Al n €O A (Tgy, SN @nYf + €OS nY)
mn
where
@y Sin @, — o1 COS an
Ty, =

ay, cos a4, + oy sin g,
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20mn = A + 4% +

Equation (12) along with Equation (9) give the com-
plete description of the temperature field. It should be
noted that for this particular problem there is no heat
generation in the insulation, and (12) can be somewhat
simplified by letting yi, = 0. To explain the problem fully
some interpretation of the remaining integral in the nu-
merator of Equation (12) is required.

Source-Sink Zones and the Definition of (@ |
The zone of integration represented by the double in-
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Fig. 1. Mathematical representation of two-dimensional cell showing
fuel cell reforming heat active region 1 and the insulation heat passive
region 2,

tegral f@f in the numerator of (12) represents the

total area of region 1 over which heat is either generated
or absorbed. ,

In the evaluation of Ap,y in the present problem where
¥ is equal to zero we focus attention on the quantity

Nn.m = Kl

1 e~ NPe¥/2 cos A& [Ty, Sin @nyy + cos gyl dx dy  (13)

¥y takes on different values in region 1. Referring to Fig-
ure 1 we see that around the edge of the cell correspond-
ing to the inert flange there is no heat generation; there-
fore the contribution of this section to the value of Npm
is zero. In the interior regions there are two distinct heat
zones. The simplest heat zone is that in which heat is
generated by processes associated with cell irreversibility.
The extent of this heat generation is given by

_lle [( 3.413 Tas 34131 (b )]
!II—K . a—nF+- (b + ps)

(14)

In the second heat zone there can be either heat gen-
eration or absorption since both electrochemical and chem-
ical reactions are taking place in this area. If we let ¢*

represent the extent of reforming taking place in the zone,
then

__ AHgFsN
T K

Equations (14) and (15) can be combined to give v/,
the heat quantity which describes this source-sink region:

'I"=(~Ii—71f—4'“)

Now aided by Figure 1 it is possible to define quan-
titatively the zone of heat generation given by (13).

M= [ S e L L S S ]
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Fig. 2. Basic cell design showing how real cell components are
stacked.

€08 AmX (T'y,, Sin any + cos any) e~ Nra¥/2 dxdy

a b.
+J, I";: ¥ €05 Amx (L' Sin any + cos any)eNra¥/2 dxdy
(7)

Equation (17) illustrates how the geometry of the heat
generation field participates in the problem. Using this
double series method, developed originally for the treat-
ment of problems in electromagnetic theory (6), it is pos-
sible to readily change the location of sources and sinks
simply by changing the limits of integration in Equation
(17). Thus, having solved the problem for a single geom-
etry, one can use Equation (17) as a handy design tool.
The complete solution to the temperature distribution
within the fuel cell is given by Equations (9), (12),
(16), and (17) can be written as

n,m

Ty =e Nre¥/2 33

€05 Amx (I'y, Sin @ny + cOS any)
m n n,m

(18)
where D, is the denominator of Equation (12).

Temperature Profile Solutions by the Method of
Green'’s Functions

The temperature field given by Equation (18) is de-
pendent on having a good estimate of a Biot number at
x = 1/2 and the assumption leading to equal } eigen-
values previously discussed. A more accurate and more
easily experimentally verifiable problem would involve
the knowledge of a measured temperature profile at the
x extremity. If we replace the convection boundary condi-
tion given by Equations (4) and (5) with the new condi-

. tion,

at x=1/2, T=T(y), —1=y=1 (19)

we give rise to a nonhomogeneous problem closely related
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(18) prior to integration as

eNPe,(y=u/2 % ﬁ K1 05 A €08 A’ (T'1,, Sin @nYf + €08 any) (T, Sin @Y + cos anyf’)

+

Ty (x, Yy) = eNpey/i2

+

Dym
€% (Npesyy — Npesly') E 3 K cos AmX c0S A%’ (Tz,, sin @ny + cos any) (T2, Sin any’ + cos any’)
m
21
Don (21)
Substitution of (21) into (20) yields
3 S cos M mx (g, sin 4,y + cos any)
D * Nam(, y)
n.m
—~Npo ¥’
1 )‘ﬁm
eNeey/2 3 3 Ky j; T (Y )A®m sin 2 (T sinay + cosany’)e 2 dy
mn
Dﬂ.m
. xgm —NPc,!l'
eNpey/2 12"5 K, J:_lT(y’))x’m sin 3 (Topsinany’ + cosany’) e 2 dy
+ (22)

to the previous one. The solution to this new problem is
readily obtained from the other solution by the method
outlined by Gidaspow (3) employing the Green’s func-
tion concept. The solution to the new problem can be
written as

Ti(x,y) = ff v G(x, y; &, y)dvdy

G
¢ W) 2 g wa dy (20)

where G is the Green’s function for the homogeneous prob-
lem corresponding to T(y) = 0 at x = 1/2. The Green’s
function itself has already been found in the course of
solving the earlier problem and can be obtained from

Fig. 3. Anode chamber showing location of chemical and electro-
chemically active heat zones with region 1 of Figure 1.
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D nm

where the line integral corresponding to the second term
on the right-hand side of (20) is evaluated along the
nonhomogeneous boundary T (y’) and is everywhere else
equal to zero by construction. The A*j, indicates the new
eigenvalue corresponding to the T = 0 condition of the
new homogeneous problem for which the Green’s function
is defined. These new eigenvalues take on the values
(2m + 1)m. Equation (22) is most convenient. It per-
mits an experimentally determined temperature profile
T(y’) to be used as a boundary condition for predicting
internal fuel cell temperatures.

Examination of Equation (21) suggests that the Green’s
function G can be written as

G =G+ Gy (23)

Equation (23) can be interpreted as follows. Gy repre-
sents the temperature field in the fuel cell due to itself
and G, is the temperature field in the fuel cell due to
the temperature distribution in the insulation. The same
general form appears with three terms for the three-region
problem (4). This solution can also be extended to some n
region problems and to the three-dimensional situation
using triple Fourier series.

The general result given by (22) was next compared
with experimental data.

EXPERIMENTAL PROCEDURE

An experiment was designed to test the above theory. A
high temperature molten carbonate fuel cell was designed,
constructed, instrumented; and operated. The experiment al-
lowed temperature distribution to be determined in a cell in
which both electrochemical and reforming reactions could take
place. The basic cell design employed is shown schematically
in Figure 2, and the interior section of the anode chamber
showing the disposition of reforming catalyst is shown in
Figure 3. Figures 2 and 3 were translated into a mathematical
geometry in Figure 1.

The fuel cell consists of a fiber metal nickel anode and
copper cathode, the latter existing as copper oxide in actual
cell operation. The electrolyte for the cell is a mixture of
lithium (27% weight), sodium (41%), and potassium car-
bonates (32% ) contained in a magnesium oxide matrix (60%
total weight). Details of this type cell have been presented
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TABLE 1. EXPERIMENTAL DaATA

Run

No. Fuel v ¥ Npey Npey
1 H, 214 214 0.115 2.33
2 Hp 360 360 0.204 4,13
3 H 360 360 0.215 4.35
6 Hy 360 360 0.138 2.8
7 CHy 360 —94 0.138 2.8
8 CHy 360 —450 0.138 2.8

elsewhere (7, 8).

To achieve a reasonable facsimile of a two-dimensional fuel
cell geometry, a five-cell stack was constructed. The tem-
perature field was measured at 50 points within the third or
middle cell of the stack. Compensating heaters were placed
adjacent to the first and fifth cells at the end of the stack to
ensure an adiabatic middle cell. It is estimated that heat gains
or losses of less than 5% were experienced in the middle cell
in the direction of stacking as a result of its symmetrical lo-
cation and the compensating heaters. Adiabaticity of the third
cell in the direction of stacking was determined by measuring
the temperature field in the second and fourth cells of the
stack and comparing local temperature gradients in the direc-
tion of stacking.

The fuel used in the experiments was a hydrogen-nitrogen-
water or hydrogen-methane-nitrogen-water mixture (for the
reforming tests). The oxidant was a mixture of carbon dio-
oxide and oxygen. Oxidant flows were substantially greater
than fuel flows and the Peclet number is based entirely on
oxidant flow,

Characteristic parameters Npe, Npi have been based on a
value of thermal conductivity arrived at by estimating the
contribution of each component of Figure 2. The value used
was K = 2.2 B.tu./(hr.)(ft.) (°F.).

The heat generation parameters ¢ and ' were estimated
from the experimental voltage-current curves, gas flow rates,
gas composition, and geometry of electrode and reforming
catalyst locations.

A detailed description of the fuel cell, experimental ap-
paratus, instrumentation, and parameter estimation is given
elsewhere (4).

RESULTS AND DISCUSSION

The experiments were devised to compare directly the
theoretical and observed temperature distributions and to
examine the effects of characteristic parameters, such as
the Peclet and Biot numbers and heat sources. In the
original work (4) comparisons were made between both
single- and composite-region problem theory and experi-
mental data, but since only the composite-region problem
was described here the discussion will be limited to that
area,

As shown in the earlier work (1) both conmvection and
conduction are important. At the low values of Peclet
number (for example, 0.2) which characterize these ex-
periments, conduction is the dominant mode of heat trans-
fer. It is possible that conditions could arise where
cathodic gas flows would be increased giving rise to a
Peclet number of about 2, but it is unlikely that higher
values could be employed in practical systems. Hence both
conduction and convection will always be important. Be-
cause this work is characterized by low Peclet numbers
and conduction is dominant, it is important to examine the
coupled two-region problem where abrupt conductivity
changes take place between the insulation and the fuel
cell.

An experimental temperature profile T(y) was deter-
mined by measuring 12 point temperatures at the x extrem-
ity of the fuel cell and insulation. These data were then
fitted numerically by a least squares quadratic function in
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the fuel cell region and by a 10-segment linearization of
the data in the insulation region.

A summary of pertinent experimental data is given in
Table 1. Certain tests conducted for the purpose of dupli-
cation and checking are deleted from the original results.

In Figure 4 a comparison is shown between theoretical
and experimental temperature distributions. The particu-
lar data shown are for the temperature distribution at the
center of the cell in the direction of gas flow and are
typical of agreement obtained in all runs.

A further comparison between experiment and theory is
shown in Figure 5 where the effect of flow over the range
of experimental data is shown. While theory shows a some-
what stronger dependence of maximum cell temperature
on the Peclet number than experiment, agreement is rela-
tively good and the data can be fitted within a 15% vari-
ation on Np,. Additional experiments would be needed to
attach.significance to the slope suggested by those data
points.

Of considerable practical interest is the ability to pre-
dict the effect of an internal endothermic reaction on the
temperature distribution within the cell. This portion of
the theory was tested by the last three experiments, and
the results are shown in Figure 6. Again agreement be-
tween experiment and theory seems to have been achieved.

Based on these results it seems reasonable to say that
the model presented satisfactorily describes the heat trans-
fer phenomena in such a media.
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CONCLUSIONS

The heat transfer design engineer can use the above
theory to solve a variety of problems. By using the solu-
tions obtained with homogeneous boundary value prob-
lems it is possible to predict temperature profiles within
a composite solid. Physical systems wherein such phe-
nomena exist are electrochemical cells described here,
nuclear reactors where either neutron diffusion or heat
flow are of interest, and chemical reaction systems with
distributed reaction sites. The dual eigenvalue technique
readily permits cell or reactor geometry to be changed by
changing only the limits of integration to define the reac-
tion zones. The solutions are in explicit form and con-
verge rapidly.

The Green’s function solution allows interior tempera-
ture fields to be determined by using only external ther-
mocouple connections, thereby avoiding laborious experi-
mental procedures.

The extended orthogonality technique permits two-
dimensional composite-material problems to be solved
analytically, thereby saving computation time and giving
greater physical insight to the problems.
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NOTATION

A; = area fraction of fuel cell occupied by the reform-
ing catalyst

a = experimental constant defining the polarization

curve [Equation (14)]
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a, = eigenvalue y direction

a1, az, by, by, by, by = coordinates of various zones of re-
action (Figure 1)

b = experimental constant defining the polarization
curve [Equation (14)]

Np; = Biot number, hl/K everywhere else

D, = denominator functions [Equation (12)]

= Faraday constant, 12,158 (amp.) (hr.)/Ib. equiv-

alent or 96,500 coulombs/equivalent

= hydrocarbon flow rate, Ib./hr.

= Green’s function

= components of a Green’s function matrix

enthalpy function for reforming reaction

= heat transfer coefficient at edge of fuel cell, B.t.u./

(hr.) (sq.ft.) (°F.)

= thermal conductivity, B.t.u./(hr.) (ft.) (°F.)

= characteristic cell dimension, ft.

= number of cells per linear foot

= numerator functions [Equation (17)]

= Peclet number = pvcyl/K, dimensionless

= electrolyte resistance, ohm/cm.

= interelectrode spacing, cm.

= entropy function

temperature difference, °F. or absolute tempera-

ture when it occurs as TAS

v = linear velocity, ft./hr.

%, y, = = reduced length coordinates in general

2~ % TEOQW M
<5
1

v 2
® 3

MLreT 22

I

Greek Letters
amn = see Equation (12)

by = eigenvalue in x direction
r = defined by Equations (14 )and (15)
= (are )"

Tn n 1

p = density of gas, Ib./cu.ft.

- = product, or 3.1416

T = Np; + Npe/2

¥ = reduced heat generation rate, y2/K = QN I2/K

Yo == actual rate of heat generation per unit volume,
B.t.u./ (hr.) (cuft.)

g = reduced heat generation with reforming [Equa-
tion (16)]

¥* = heat generation in the reforming section [Equa-
tion (15)]

Subscripts

f = fuel cell

s = coordinate at a boundary

1 = fuel cell region unless otherwise stated

2 = insulation region unless otherwise stated
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